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How it started!
so, what's the problew here?

Life's so uncertain! | ‘
1 see all this data |
around me but L don't know
what my parameters are!! tt's fime. ULL prescribe You
some priors and You can use
\ them with your favourite kernels!
That should help with estimates. |
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Gaussian Processes

= A stochastic process with a distribution over functions

= Specified by a mean function, m(x), and a covariance
function, or kernel, k (x, x’)

= Application in machine learning: regression, classification...

f(z)
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Different Kernels

Kernel name: | Squared-exp (SE) Periodic (Per) Linear (Lin)

2
k(z,z") = ofexp %L Ufexp ——251n re=z

Plot of k(z, z'): { f “ “ “ “ “ i

(with ' =1)

!

Functions f(z)
sampled from \
GP prior: -

T
Type of structure: | local variation repeating structure linear functions

o}z —c)(z' — o)
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Realization of a GP

f ~GP(m, k)
m(x) = %
k(x,X') = exp(~ 1 (x — x')?)
y=~Ff+e
e ~N(0,02)
6
2
>
2
0+ T T T T
=50 =25 0.0 2.5 5.0
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Varying signal variance o for SE kernel

K(x,X') = 02 exp <—(;é)>

Varying of
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Varying length scale / for SE kernel
k(x,X') = o2 exp <— (X;Z);/Y)

Varying /
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Framework for parameter estimation

Lou=f
u ~ GP(0, kuu(X, X, 6))
f ~ GP(0, kit (X;, X;, 0, 9))
Kir (%, X130, 6) = L5 L5 Kuu(%i, Xj; 0)
Kiu(Xi, X130, 8) = L Kuu(X5, X;: 0)

Dataset: X, yu, ¥r
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Framework for parameter estimation

Y M

K — |:kuu()_(u_,)_(u_§ 9) +05/ k_z;f()__(U7)_(f?97¢) :|
Ki(Xr, Xu3 0, 0)  ki(Xe, X1 0, 0) + 0?1

1<

NLML = % {log|K| +y"™K 'y + N/og(27r)]

Take maximum likelihood estimates: Oest, dest
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1D Linear operator with more than one parameter

LIu(x) = f(x) LIu(x) = f(x)
Lf::¢1'+¢2%' Lf1=¢1'+¢2d%'+¢3%
u (x) = sin(x) u(x) =sin(x)
f (X) = ¢1sin(x) + ¢2 cos(x) f(x) = ¢15sin(x) + ¢2 cos(x) — ¢3sin(x)
kit (Xi, X;: 0, 01, ¢2) kir (i, X: 0, 61, ¢2, d3)
= L5, L5 kuu (Xi, Xj; 0) = L5 L5 kuy (X1, X3 0)
AL o)
= Ex,- (¢1 Kuu + QSZT)(jkuu) = ‘Ci 1Ky + ¢2%kuu + ¢3(§);kuu>
= Qs%kuu +¢1¢2%kuu B K P 52 K !
+¢1¢2%kuu+¢%%%kuu N (¢1 UU+¢287X" UU+¢3TXJ2 uu)
ku(Xi, X;: 0,61, 62) (¢1 Kuu + ¢2%kuu + ¢338x22kuu>
= Lﬁkuu(xhxj;e) ! /
=¢1KUU+¢2%I(UU ka (Xia)(j;97¢17¢2a¢3)

= Acf,kuu (Xi,Xj§9) ,
= ¢4 kuu + ¢23@Xikuu + QsSSaT(l_zkuu
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1D Linear operator with more than one parameter

P1=2,¢2=3 P2 =23

.
08 25
300
06 275
5 Z 50
5
g o
5 o4 E .
= 2s
02 20.0
175
00 L]
3 8 10 2 1 1 2 3
Number of data points Kernel with x parameters

August 9, 2018 A. Grundner, K. Wang, K. Harsha 13



Technische Universitat MUnchenm

Data Innovation Lab

Contents

Heat equation
m Backward Euler for the homogeneous case

m Backward Euler for the nonhomogeneous case
m No discretization

August 9, 2018 A. Grundner, K. Wang, K. Harsha 14



Data Innovation Lab Technische Universitat MUnchenm

Heat equation

ou 2
b = f
T oVu
In one spatial dimension,
- 0 02 -
¢ P p— —_— fr—
L3u(R) = 5. U(X) — 65 u(x) = £(X),

where X = (t,x) € R2
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Backward Euler scheme

For the homogeneous case:
U[ - aUXX - 0
)
Va

up(x) :=u(x,0) = sin(i)

Ja

u(x, t) = e 'sin(

Discretization in the time domain:
Un - Unf‘] d2
_— aiz Un ES
T ax
d2
un — TaﬁUn = Up—1
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Data Innovation Lab

Backward Euler (contd...)

Gaussian prior:
Up ~ gP(Oa kUU(Xi7 Xja 9))

Linear operator:

17

August 9, 2018 A. Grundner, K. Wang, K. Harsha



Data Innovation Lab Technische Universitat Miinchen

Backward Euler scheme: Results

Kernel: kuu(Xi, X;; 0) = e(0i—x))

Input and output to the operator Error in parameter estimate vs time steps
1.00 -, . o o .
@ o . u
. -1
075 P .
0.50 A 0.08
3
oy # H
o % 5 0.06
> 000 . H .
- H
0.25 L} 5004
-0.50
0.02
.
-075 e o .
.
-1.00 [ 0o0{® ®°
0 1 2 3 4 s -7 6 -4 3 3
x log(T)
$ttimeit "
eamed Convergence plot for one run with 20 data points
minimize(nlml, —60
np.random.rand(2),
args=(x, yu, yf, 0.2, le-6), -80
method="Nelder-Mead")
-100
3.43 s + 275 ms per loop (mean * std. dev. of 7 runs, 1 loop each)
-120
nlml_wp = lambda params: nlml(params, %, yu, yf, 0.2, le-6) E -140
param_bounds = np.array([[-3,0], [-5,11]) <
ttimeit minimize(nlml wp, -160
np.random.rand(2),
method="TNC", -180
bounds = param bounds)
= ~200
The slowest run took 12.22 times longer than the fastest. This coulc 220
m -
35.3 s + 44.1 s per loop (mean ¢ std. dev. of 7 runs, 1 loop each) y "y >0 % o % o 7o
iteration #
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Backward Euler for the nonhomogeneous case

U — alyy = f
u(x, t) = e~ sin(2rx), u(x) := u(x,0) = sin(2rx)
f(x,t) = (=1 + 4an?)e'sin(2rx)
x,te[0,1]

with the Backward Euler scheme:

Up=lny &
T ax2 " "
2
Un — Up = Up_1+Th

d2
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Backward Euler for the nonhomogeneous case
(contd...)

Gaussian prior:
Un ~ gP(Ov kUU(Xi7 X/'a 0))
Linear operator:

d2

LYy = —Ta=—"
X dx?

ﬁ?UIf, u:= Un,f:: Un_1+7—fn

August 9, 2018 A. Grundner, K. Wang, K. Harsha 20



Data Innovation Lab Technische Universitat MUnchenm

Backward Euler for the nonhomogeneous case: Data

= 20 data points

=+ =0.01
Input and output to the operator (t=0.01)
15
L ® u,
(] ® uUp_1+Tf,
1.0 ¢ w * -1t
o o° °
051 o ° z
> 0.0
°
° °
~0.5 ° %
[ ] ]
° °
-1.04 ®e e
° °
.. °
-1.54 . : : -
0.0 0.2 0.4 0.6 0.8
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Backward Euler for the nonhomogeneous case:
Results

Comparison between kernels:
For kuu(Xi, xj; 0) = ef(xi—x)?

%%timeit

minimize(nlml,
np.random.rand(2),
args=(x, y u, y £, 0.01, le-6),
method="Nelder-Mead")

3.04 s * 237 ms per loop (mean * std. dev. of 7 runs, 1 loop each)
—x—x)2
For kuu(Xi, Xj; 0) = e~ 2(i—%)

%%timeit

minimize(nlml,
np.random.rand(2),
args=(x, y u, y £, 0.01, le-6),
method="Nelder-Mead")

7.54 s £ 1.62 s per loop (mean t std. dev. of 7 runs, 1 loop each)
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General case

L2U(R) = Du(R) — g5 U(R) = (),

where X = (t, x) € R2.
Gaussian prior:

un~ gP(O7 kUU(Xi7 Xj7 9))

Kuu(Xi, X, 1, 17 0) = el 0100—%)* = 0a(0-0)]
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Data Innovation Lab

General case: Benchmark

= 10 data points
= Noise variance: 107

%%timeit
nlml wp = lambda params: nlml(params, t, X, y u, y_£f, le-7)
minimize (

nlml wp,

np.random.rand(3),

method="Nelder-Mead",
options={'maxiter' : 5000, 'fatol' : 0.001})
2.13 s * 267 ms per loop (mean * std. dev. of 7 runs, 1 loop each)

np.exp(m.x)

array([4.0413258 , 0.28249211, 0.99659146])
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General case: Results

NLML contour lines

=0.25
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=175
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General case: Simulation results

(A) Error in estimate of the parameter (B) Execution time benchmark
0.010 .
30 L4
. .
.
0.008 25 LY
[ i o © ¢
S L
£ 0.0067 o £20 H
] . s (] .
2 k=
° o L] L
2 0.004 i 215 LI
4 \ . 4 . e .
L L
10
0.002 e - s °
. | ] ° ®
[ ] 5 g .
0.000
10 12 14 16 18 20 22 24 10 12 14 16 18 20 22 24
Number of data points Number of data points
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General case: Comparison with the full kernel
Full kernel: 0exp(— 5 (xi — X))* — 2 (t — 1,)?)

%3timeit
nlml wp = lambda params: nlml(params, t, x, y u, y_£f, le-7)
minimize(

nlml_wp,

np.random.rand(4),

method="Nelder-Mead",

options={'maxiter' : 5000, 'fatol' : 0.001})

6.93 s £ 1.94 s per loop (mean t std. dev. of 7 runs, 1 loop each)

nlml_wp = lambda params: nlml(params, t, x, y u, y_£f, le-7)
m_f = minimize(

nlml_wp,

np.random.rand(4),

method="Nelder-Mead",

options={'maxiter' : 5000, 'fatol' : 0.001})
np.exp(m_f.x)

array([1.37659982, 0.132489 , 1.91092044, 0.99181556])
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General case: Comparison with the full kernel
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Error in estimate of the parameter

Execution time benchmark

.
604
° .
504 °
] .
o
.
E
N S0 o ®
L] S ° s ° o
E] .
(Y S 304 ° [ ] .
‘ . & 9 e o % ® - e .
H I .
> 20 oo g LI
. . ® i e . ® (]
[ ] [J 101 @ . . L]
10 12 14 16 18 20 22 24 10 12 14 16 18 20 22 24

Number of data points

Number of data points

August 9, 2018

A. Grundner, K. Wang, K. Harsha

28



Data Innovation Lab Technische Universitat MUnchenm

Contents

Wave equation

August 9, 2018 A. Grundner, K. Wang, K. Harsha 29



Data Innovation Lab Technische Universitat MUnchenm

The Wave Equation

2

wu = CVZU

Can rewrite it (in one spatial dimension) as LSu = f, where f = 0 and

9? 02

Lx=38" ~ o
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A solution for ¢ = 1:

u(x,t) = (x — t)? +sin(x + t).

Function values for u(x) with t € {0, ..., 9}

-10.0 -75 =50 -25 0.0 2.5 5.0 7.5 10.0
x-values

Sample 20 random points X in [0, 1]? along with u(X) and f(X).

Problem at hand: Estimate ¢ from these samples.
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Applying our algorithm

Assumption: R
un~ gP(Ov kUU(Xi7 X]v 9)/,/')’

where k,, is an RBF Kernel and § = {ou, Ix, I}

= fis GP-distributed as a linear transformation of u.
= Minimize the niml, that corresponds to u, f and our data samples.

Our result: ¢ = 1.0003
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The absolute error in our estimate

We plot the error |¢ — 1] using five differently colored runs of our
algorithm (¢ is our estimate for c).

Error in our estimate for c

0.10

0.08

0.06 1

Error

0.04 4

0.02 4

0.00 1

8 10 12 14 16 18 20 22 24
Number of data points

Here, the error is bounded by 0.041 for 10 < n < 24 (blue-dashed
line).
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Calculating the L?-error

= Given ¢, we can solve g—;D(& ) — E:j’TZ2 U(x,t)=0and get a
solution based on our estimate:
(x, t) = u(x, Vét) = (x — V&t)® +sin(x + V&t)
= Can plot || — ul|;z now:

L2-errorin our estimate for c

8 10 12 14 16 18 20 22 24
Number of data points

The L2-error is in our case bounded by 0.015 for 10 < n < 24.
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Burgers’ Equation

ooy o
ot ox  Ox2

We look at the inviscid Burgers’ Equation, that is when the diffusion
coefficient is zero: v = 0. Then a solution is:

X
ulx,t) =—
(.0 1+t
We implemented two similar setups:
1) Infer c in:
Ur+cuty =0 (1)
2) Infer v in:
Ut + Uly = vy ()
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Applying our algorithm

= Used discretization methods (with step size 7 = 0.001)
= Replaced the non-linear term with the mean p,_+1 of up_1

- Used the backward Euler scheme for (1):

M + cun(X)d%“n(X) =0,

where £SUn = Up—1 and LS = - + 7Cup—1 % -

- Used the forward Euler scheme for (2):

Un(X) = Una(x) | unq(X)iL’n%(X) v

T ax Un—1 (X)7

dx

where Lup_1 = Uupand LY = - +7(v — pin_1) & -.
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Results

Error in our estimate of ¢

13 3 12 15 1B i 2
Number of data points

The blue-dashed line is given by
f(x) = 0.01x22:

Execution time of our algorithm

Error in our estimate for v

13 9 12 15 18 21 2
Number of data points

Here, we replaced the non-lineari-
ty by u(x,0) = x for a comparison:

Error in our estimate forv

0.0008

a _ 0.0006
£ £

& 00004
0.0002

) 5 10 15 20 25 6 5 2 15 1B 2 2

Mumber of data points Number of data points
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Problem solved!

No problem.

Thawnks for your help!
fory i Any day!
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Conclusions

= Efficient and quite accurate framework for estimating parameters
in differential equations

= No discretization methods needed
= Designed for linear transformations only

= Covariance matrix often ill-conditioned for more than 30 data
points

= Automatic calculation of all kernels possible
= |nitial attempt with pyGPs was unsuccessful
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What’s next?

Okay!
WHO'S NEXT ?
It’s the
Nown-Linear Operator!!
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Oh yes!

August 9, 2018 A. Grundner, K. Wang, K. Harsha 43



Data Innovation Lab Technische Universitat MUnchenm

Thank you!
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Trying to use the Python-package pyGPs

Our pyGPs approach:
1. Assume Gaussian Priors with RBF Kernels:

u(x) ~ GP(0, kuu(x, x"; ou, Iy))

f(X) ~ gP(Oa kff(xv X/; gf, /f))
2. Can optimize hyperparameters with pyGPs (given the data
{XU7 YU} and {Xf7 Yf})
3. Know that the covariance matrix for f is kf = Ef,/:i’kuu, since
f(x) = LLu(x). Set ks ~ kg. Then:
ke (Xi, Xi) =~ K (Xi, X;)
Rearranging:
(b = g(JU7 Of, Iu)>
This we can evaluate.
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Using it for a simple example

We used this approach for u(x) = v/x and f(x) = LLu(x) with ¢ = 12.
By the previous slide it follows
¢~ ot
Ou
Using 15 evenly spaced data samples in [0, 2], our result was
¢ =12.05.

August 9, 2018 A. Grundner, K. Wang, K. Harsha 46



	Intro to Gaussian Processes
	Parameter Estimation with Gaussian Processes
	Framework
	Examples

	Heat equation
	Backward Euler for the homogeneous case
	Backward Euler for the nonhomogeneous case
	No discretization

	Wave equation
	Burgers' equation
	Conclusions

