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Real estate objects such as apartments or flats can be lucrative investments. Nevertheless, as with any other 
investment possibility risk and return must be considered. Our goal is both, 
1. Compute the expected return on investment (Internal Rate of Return - IRR) for 149 German cities
2. Compute a compound risk score for these cities as well

These 2 KPIs shall help CapitalBay to choose profitable real estate investment decisions.



2 ½ STAND-ALONE MODELS LEAD TO RISK/RETURN
SOFTWAREARCHITECTURE

DATA
21data & 

enhancements

SDE Model
Calibrated for each 

city

Risk Model

Business Plan
Monte Carlo

IRR 

Models Output

E.g. Unemployment
Net flow, Income

House & Rent 
Prices 

10 years predicted

Mortgage rate
Real estate 

prices
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Manually Created 
Linking 21RE with INKAR 
and computing join 
variables

21RE Data
Income data for each city 
tile

21RE Data
House and rent prices per 
city tile

INKAR Data
Selected files with time 
series data (yearly) on city 
level

21RE Data
Basic micro & macro 
economic variables on city 
level

21REAL ESTATE AND INKAR AS BASELINE
DATAPIPELINE

LinkTable.csv

ags_data.csv

cid_prices.csv

INKAR TS files

Compute mean over
all city tiles

Compute mean over
all city tiles

Left join on AGS Left join on

Interpolate quarters
if desired

Interpolate quarters
if desired

Left join on Left join on
Merged Data

No timeseries Timeseries

To the models

Few additional sources and variables added
ad-hoc in later stages

Single flag to switch between yearly and 
quarterly data generation for easier model 

testing.

Other auxiliar computations are done for 
merge variables computation and minor 

data cleansing.

cid_income.csv



SDE MODEL - WORKFLOW
SDEMODEL

Finding a theoretical model: stochastic differential equation system
that describes housing and rent price dynamics

Adjusting the theoretical model by using real data

Discretization of the model regarding the implementation

Implementation via SDE pipeline:
Parameter Estimation & Numeric Solution

Prediction of Housing and Rent Price Index for the next 10 years 



SDE MODEL –THEORETICAL MODEL
SDEMODEL

d𝑣! = 𝑘" 𝜃" − 𝑣! d𝑡 + 𝜎" 𝑣! d𝑍!"

d𝑟! = 𝑘# 𝜇# − 𝑟! d𝑡 + 𝜎# d𝑍!#

dℎ!
ℎ!

= 𝜆 𝜇$ − 𝑟! d𝑡 + 𝑣! d𝑍!$ + 𝑑𝐻!$

We consider a new SDE model derived from the Bates-Hull-White model
applied to RE:

• ℎ! is the House Price Index

• 𝑣! is the volatility of the index and is a 
Cox–Ingersoll–Ross (CIR) process

• 𝑟! is the Mortgage rate defined by a 
generalized Ornstein-Uhlenbeck (OU)

• 𝑚! is the Market Rent Index

• 𝑓! is an additional factor (ie. vacancy) 
defined by a generalized Ornstein-
Uhlenbeck (OU)

• 𝑍!", 𝑍!#, 𝑍!$, 𝑍!%are correlated Brownian 
Motions

• 𝐻!&, 𝐻!% are compound Poisson processes

d𝑚!
𝑚!

= 𝜇% + 𝑘%'

dℎ!&'
ℎ!&'

+ 𝑘%(

d𝑓!&'(
𝑓!&'(

d𝑡 + 𝜎% d𝑍!% + 𝑑𝐻!%

d𝑓! = 𝑘% 𝜇% − 𝑓! d𝑡 + 𝜎% d𝑍!%
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SDE MODEL – INCORPORATING THE DATA
SDEMODEL

Note: We consider the 
volatility of the house price 
index constant since we 
noticed from
the data observations
that there is no relevant 
variation of the volatility.



SDE MODEL – DISCRETIZED MODEL
SDEMODEL

We compute the numerical solution of the house price index using the implicit Euler method :

ℎ!"# = ℎ! + 1 − 𝜃 𝜆 𝜇$ − 𝑟! ℎ!Δ𝑡 + 𝜃𝜆 𝜇$ − 𝑟! ℎ!"#Δ𝑡 + 𝜎$ℎ!Δ𝑍!$ + 𝑣ℎ!Δ𝐻!$

⁄= ℎ! + 1 − 𝜃 𝜆 𝜇$ − 𝑟! ℎ!Δ𝑡 + 𝜎$ℎ!Δ𝑍!$ + 𝑣ℎ!Δ𝐻!$ 1 − 𝜃𝜆 𝜇$ − 𝑟! Δ𝑡

𝑟!"# = 𝑟! + 𝑘% 𝜇% − 𝑟! Δ𝑡 + 𝜎%Δ𝑍!%

• Δ𝑡 quarter

• Δ𝑍!& = 𝑍!)*& − 𝑍!&

• Δ𝐻!& = 𝐻!)*& − 𝐻!&

• 𝜃 ∈ 0,1 , NOTE: if 𝜃 = 0 Euler-Maruyama

Where:

Δ𝑚!
𝑚!

= 𝜇% + 𝑘%!

Δℎ!+,
ℎ!+,

+ 𝑘%"

Δ𝑓!+,"
𝑓!+,"

1 − 𝜃 Δ𝑡 + 𝜇% + 𝑘%!

Δℎ!+,
ℎ!+,

+ 𝑘%"

Δ𝑓!+,"
𝑓!+,"

𝜃Δ𝑡 + 𝜎%Δ𝑍!% + Δ𝐻!%

Δ𝑓! = 𝑘% 𝜇% − 𝑓! Δ𝑡 + 𝜎%Δ𝑍!%

Analogously will be implemented :



SDE MODEL – IMPLEMENTATION PIPELINE (1/2)
SDEMODEL

Data

Interest Rate 
Parameter 

estimation and 
numeric solution

Housing Price Index
Analytical Parameter estimation

- of diffusion part
- of starting values HPI

Housing Price Index
Optimization:

Parameter estimation
(of drift part)

Prediction
Interest Rate & 
Housing Price 

Index

Pipeline SDE

𝜃∗ = 𝑎𝑟𝑔𝑖𝑛𝑓 𝑌)*+ − 8𝑌,
-

≡ 𝑎𝑟𝑔𝑖𝑛𝑓 :
!./

0

(𝑌!)*+ − 8𝑌!,)-



SDE MODEL – IMPLEMENTATION PIPELINE (2/2)
SDEMODEL

PREVIOUS 

Vacancy rate
- Parameter 

estimation and 
numeric solution

Rent Price Index
Analytical Parameter estimation

- of diffusion part

Rent Price Index
Optimization:

Parameter estimation (of
drift part)

Prediction
Additional Factor

& Rent Price 
Index

Business 
plan

Pipeline SDE

𝜃∗ = 𝑎𝑟𝑔𝑖𝑛𝑓 𝑌)*+ − 8𝑌,
-

≡ 𝑎𝑟𝑔𝑖𝑛𝑓 :
!./

0

(𝑌!)*+ − 8𝑌!,)-



SDE MODEL – OBSERVED VS ESTIMATED DATA
SDEMODEL



SDE MODEL – OUTLOOK AND LIMITATIONS
SDEMODEL

LIMITATIONS

Model derived by an historical point of view:

• no embedding of economic point of view into the 
future

• no adjustment of predictions due to the outbreak 
of the Corona Virus

OUTLOOK

Possible model extension:

• Non-constant volatility
• Incorporating further additional factors
• Prediction on tile level if location 

information is available



RISK MODEL – WORKFLOW
RISKMODEL

Define Risk:
Build model(s) that generate risk scores for available dataset + Research

Data Pipeline: Pre-process Data

Run and calibrate models:
1. Logistic Regression Model 2. Location Factor Model

Aggregate risk score

Visualize Results



RISK MODEL – LOGIT MODEL
RISKMODEL

𝑝𝑟𝑜𝑓𝑖𝑡#,% < 𝑢

𝑦 = 𝛼 + 𝛽 ∗ 𝑋 + 𝜀

Risk as the probability of the profit not reaching a certain level 𝑢. Independent variables with a timeseries X from 
data pipeline.

Define best set of features X’ out of X and best level for 𝒖.

Run regression pipeline for ~40 different values for u. Tested city-, time-specific and constant levels for u.
1. Drop missing values
2. Remove correlated features
3. Include Interactions in X 
4. Include Lags
5. Scale Features
6. Remove correlated features again
7. Recursive Feature Elimination

𝑝𝑟𝑜𝑓𝑖𝑡#,% =
&'()!,#*+,&#-./0(1 +&0#'!,#$%

+,&#-./0(1 +&0#'!,#
-1



RISK MODEL – LOGIT MODEL
RISKMODEL

Highest measure of certainty 𝑅& for u=5%.

Significant features with p-values<5%

We end up with a probability of default p for every city and 
year.

𝑝 =
𝑒'*∗)*"'+∗)+".."',∗),

𝑒'*∗)*"'+∗)+".."',∗), + 1



RISK MODEL – LOCATION FACTOR MODEL
RISKMODEL

Risk as stability versus instability over time

𝑦 = 𝛼 + 𝛽 ∗ 𝑋 + 𝜀

𝑆ℎ𝑎𝑟𝑝𝑒 𝑅𝑎𝑡𝑖𝑜! =
𝑚𝑒𝑎𝑛(𝑝𝑟𝑜𝑓𝑖𝑡!,#$)
𝑠𝑡𝑑(𝑝𝑟𝑜𝑓𝑖𝑡!,#$)

𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑜𝑓 𝑝𝑟𝑜𝑓𝑖𝑡𝑔𝑟𝑜𝑤𝑡ℎ! = 𝑉𝑎𝑟(
𝑝𝑟𝑜𝑓𝑖𝑡!,#$ − 𝑝𝑟𝑜𝑓𝑖𝑡!,#$%&

𝑝𝑟𝑜𝑓𝑖𝑡!,#$%&
)

Independent variables without timeseries from data 
pipeline

Fig 1: Government district

Fig 3: Infrastructure
connection (Autobahn)

Fig 2: Airport accessibility

Fig 4: DAX companies



RISK MODEL – LOCATION FACTOR MODEL
RISKMODEL

Higher measure of certainty 𝑅& for y=Sharpe Ratio.

Significant features with 
p-values<5%

We end up with normalized risk score for every city and year q. 𝑞 = 𝛽# ∗ 𝑋# + 𝛽& ∗ 𝑋&+. . +𝛽+ ∗ 𝑋+



RISK MODEL – QUADRANTS
RISKMODEL

Purchasing vs. Rent price for first quarter of 2011 
for Munich Development of purchasing prices of growth and shrink 

tiles from 2011.00 for Munich

𝐺𝑟𝑜𝑤𝑡ℎ 𝑆ℎ𝑟𝑖𝑛𝑘 𝑅𝑎𝑡𝑖𝑜%,# =
#𝑡𝑖𝑙𝑒𝑠𝑔𝑟𝑜𝑤𝑡ℎ%,#
#𝑡𝑖𝑙𝑒𝑠𝑠ℎ𝑟𝑖𝑛𝑘%,#

𝑃𝑟𝑖𝑐𝑒 𝑅𝑒𝑛𝑡 𝑅𝑎𝑡𝑖𝑜 𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒%,#

Include observations into Logit Model using two additional 
features



RISK MODEL – OUTLOOK AND LIMITATIONS
RISKMODEL

LIMITATIONS 

Different way of calculating the profit

vs. 

Location Factor Model

-> aggregating the data leaves us with only 149 
observations, one could think of just incorporating 
the historic Sharpe Ratio

𝑝𝑟𝑜𝑓𝑖𝑡#,% =
&'()!,#*+,&#-./0(1 +&0#'!,#$%

+,&#-./0(1 +&0#'!,#
-1

𝑔𝑟𝑜𝑠𝑠𝑝𝑟𝑜𝑓𝑖𝑡#,% =
𝑟𝑒𝑛𝑡#,%

𝑝𝑢𝑟𝑐ℎ𝑎𝑠𝑖𝑛𝑔 𝑝𝑟𝑖𝑐𝑒#,%

OUTLOOK

City specific level of u

-> with more granular data, one could run city 
specific regressions

Quadrants

-> came up with this concept, further research 
might be interesting



TRANSFORMING SCENARIOS TO IRR
BUSINESSPLAN

SDE Model
Calibrated for each 

city

Business Plan
Monte Carlo

IRR 
House & Rent 

Prices 
10 years predicted

Scenarios CB BP IRRs 𝔼(𝐼𝑅𝑅)

1.3%

0.1%

𝑁𝑃𝑉 = Σ!,-. 𝐶𝐹
𝐼𝑅𝑅! =

! 0

As single KPI for each city we 
take the mean of the IRR 

distribution

We obtain an IRR distribution 
for every city with 100 samples 

each

With these cash flows the IRR 
for every scenario and city is 

computed. Vacancy rate, fixed 
rent prices for specified periods 

etc. are simulated.

100 rent and sale price scenarios 
give us cash flows for an artificial 

real estate object portfolio



SDE MODEL – RESULTS: 
PREDICTIONS OVER 10 YEARS

SDEMODEL



RISK MODEL – AGGREGATED RISK MODEL
RISKMODEL

Logit Model

Location Factor 
Model

Set of possible 
explanatory variables 

X –
Timeseries and 
!"# $ > &?

Yes

No

'()*+,*- ./)#/++*(0
1 = 3 + 5 ∗ 7 + &

8*,ℎ 1 = :0, *= >#(=*, > ?
1, *= >#(=*, < ?

'*0/"# ./)#/++*(0
1 = 3 + 5 ∗ 7 + &

8*,ℎ 1 =
B/"0 >#(=*,!
+,C(>#(=*,!)

Probability of Default 
between 0 and 1

Normalized risk score 
between 0 and 1

F))#/)",/C .*+G H-(#/ =
8 ∗ I(#B"J*K/C .*+G H-(#/

+ 1 − 8 ∗ M#(N"N*J*,1 (= O/="?J,

Logit model

Location factor 
model



RISK MODEL - RESULTS 
FINALRESULTS

∗
3
4 ∗

1
4



RISK VS UNLEVERED RETURN SIMILAR FOR CITIES
FINALRESULTS

Risk vs. Return for 2017



PLAUSIBLE RESULTS WITH ROOM FOR IMPROVEMENT
CAVEATSOUTLOOK

Caveats

• 21RE data is still limited in scope and only reflects offered 
prices, not the true transaction prices (these are only known 
by notaries and tax offices).

• The data quality of INKAR data is good, but only on yearly 
basis.

• Information on tile level had to be aggregated and only KPIs 
on city level are computed. In reality still big differences 
intracity possible (Apartment at Marienplatz vs. Giesing
differs price-wise). 

• Risk and return KPIs are our subjective choices and other 
KPIs might be better suited for investment decisions.

Outlook

• Different KPIs for both risk and return
• More data and better data pipeline, data driven approaches 

dictate garbage in, garbage out
• Third, a analysis not only on city level but on tile or district 

level could be feasible. That approach would also need more 
data but would allow for single real estate objects to be 
evaluated more precise.

• SDE and risk model assumptions can be weakened and 
expanded, e.g. non-constant volatility for the SDE model or 
other additional factors. 
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RISK MODEL – DATA PIPELINE
RISKMODEL

Input Variables

Logit Model:

Time series available Constant over time
varying over cities

𝑦 = 𝛼 + 𝛽 ∗ 𝑋 + 𝜀

• Interpolating / Filling Missing Data
• Calculating Growth Variables
• Quadrant idea

• Build y to capture risk
𝑦 = 𝛼 + 𝛽 ∗ 𝑋 + 𝜀

• Aggregate

Location Factor Model:



RISK MODEL – LOCATION FACTOR MODEL
RISKMODEL

Risk as stability versus instability over time

𝑦 = 𝛼 + 𝛽 ∗ 𝑋 + 𝜀

𝑆ℎ𝑎𝑟𝑝𝑒 𝑅𝑎𝑡𝑖𝑜! =
𝑚𝑒𝑎𝑛(𝑝𝑟𝑜𝑓𝑖𝑡!,#$)
𝑠𝑡𝑑(𝑝𝑟𝑜𝑓𝑖𝑡!,#$)

𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑜𝑓 𝑝𝑟𝑜𝑓𝑖𝑡𝑔𝑟𝑜𝑤𝑡ℎ! = 𝑉𝑎𝑟(
𝑝𝑟𝑜𝑓𝑖𝑡!,#$ − 𝑝𝑟𝑜𝑓𝑖𝑡!,#$%&

𝑝𝑟𝑜𝑓𝑖𝑡!,#$%&
)

Independent variables without timeseries X out of the 
data pipeline

Run regression pipeline for Sharpe Ratio and 
Variance of profitgrowth as y.

1. Drop missing values
2. Remove correlated features
3. Include Interactions in X 
4. Scale Features
5. Recursive Feature Elimination
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